HOMOMORFISM0S DE ANILLQS

Let R, R’ be rings. By a ring-homomorphism f: R —» R, we shall mean a
mapping having the following properties: For all x, yeR,

Jx+y)=fx)+10), Sfxy)=fx)fy), [fle)=¢

(if e, ¢ arc the unit elements of R and R’ respectively).
By the kernmel of a ring-homomorphism f: R — R’, we shall mean its
kernel viewed as a homomorphism of additive groups, i.e. it is the set of

all elements xe R such that f(x)=0.

f,OQ’/OO % fAX’f“é): Lot fLy) =D 9—] xtg € e,

2) qeR)xekant = f(ax)=f@)FX) = £@) 20
3) ?(O)Z g(o-ko):fiw)*)?c@) = ?(D)‘f-oé 0 < K@wﬁ
f: R 2 R} o

| 0 clo




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































(x)—> P%5)

P
5 ¢ or f, hl 200 X5, 80

Sabemss qug K@qu[%cﬂ S
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1) f(A)= @Y = A
-L) L( ( SacX *i b(,x > C( (Z(@+\°L>X£) — Z (e(a\,;;k\oé,)XQ:

- St tZ <€ao6>><‘/ - CF(E w@- ()

Lﬁ

& P (1) =4
) L (aAb) = a(,‘l'_b xb = (((&>+(€(b)

Cla-b)> bl L =) ({(b)












































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Let f: Z — R be a ring homomorphism. By definition we must have
f(1) = e. Hence necessarily for every positive integer n we must have

[y = f( 4+ ) =f(1) + -+ f(1) = ne,

—_
% 9

and for a negative integer m = —Kk,

J(=k&) = —J(k) = —(ke).

Thus there 1s one and only one¢ ring homomorphism of Z into a ring

YN W | oleﬂ—vwv»w\»‘“’ Iul esfe Ao &

¢) T AR

.(,‘\',) ~£ (W -\—v\) - (m-kn) e = (Q-&;“\j\"’(—) — (( ‘Léf) +(€:\':°\'v‘:/< )z ?(M)'(’f(\r\)‘

4;61) fi(mn)‘:- (e«\-;c 6)-:- (6‘\'“ te) (e*'\“/:c) - ﬁi\ﬂ\)ﬁ N )

‘\-—/
VW , ™

Assume R # {0}. Let f:Z — R be the ring homomorphism. Then
the kernel of f 1s not all of Z and hence 1s an 1deal r}IZ for some integer
(W)






























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































g z—"F

~ CK
z, {(z)

(

Tsormnfe
n 2> 0. Tt follows from Theorem 3t that Z/nZ is isomorphic to the image
of f. In practice, we do not make any distinction between 7Z./nZ. and 1ts

image Iin R, and we agree to say that R contains Z/nZ as a subring.

Suppose that n # 0. Then we have relation

na = 0 for all aeR.
(m&‘f— €+ :{\*’e) A =~fna = 9.4 =0)
Indeed, na = (ne)a = Oa = 0. Sometimes one says that R has character-
istic n. Thus if n 1s the characteristic of R, then na = 0 for all a € R.

DeporiGim Ch(R)ZN s< Ker (£:2020) = (W) %, CR

Theorem 3.2. Suppose that R is an_integral ring, so has no divisors of
0. Then the integer n _such that Z./nZ. is contained in R must be 0 or a

prime number. , , . _{9 >
—_— 4L .e. Ku/\t@’)”" 'QCL(K) Z’[’,[WW

Proof. Suppose n 1s not 0 and 1s not prime. Then n = mk with
integers m, k =2 2, and netther m, k are i the kernel of the homomor-
phism f:Z — R. Hence me#0 and ke # 0. But (me)ke) = mke =0,
contradicting the hypothesis that R has no divisor%}f O.\ Heggi no1S

<V

T Fom . L) = {f(mk-):ﬁ(n):o

c e £ D an 25D L. z—2K
oo z:3 5 23¢(6)=Rerfi D £2)F9 g3)F O
o —H£() ?()i)oﬁgo) > R lene A - Ae wevv W,L_m}-
Let K be a field andﬂ let f:7Z.—> K be the homomorphism of the

integers into K. If the kernel of f is {0}, then K contains Z as a subring,
and we say that K has characteristic 0. If the kernel of f 1s generated by

a prime number p, then we say that K has characteristic p. The field
FF = Z/pZ is sometimes denoted by F,, and s called the prime field, of
characteristic p. This prime field F, 1s contamned in every field of

characterisic p.
, h(k)ZO&E ZcK
b Ch () =p = F\o CK












































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Loe Conacks (Noco, Ao ww ol [\ ?‘“‘a'”b’
VW&&WW -
M =Nn 22 S n 0y oL momene waliural Wi PEX

cal, qpe At~g¥i=o e A

(K zo , st X2 amner wo @ |

Bjpntohen - ch(2)= da (@)= n(R)=ch( )70,
h (Z0X3) = dy( QL) = A (RIXT) = N0










































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































